Abstract. Analog quantum simulators can be used to explore novel quantum correlation in many-body systems by emulating the Hamiltonian of these systems. One essential question in quantum simulation is how to probe the properties of an emulated many-body system, such as the correlation in its ground state and the spectrum of the elementary excitations. Here we present a circuit QED scheme for probing such manybody properties by measuring the correlation spectrum of a superconducting resonator coupled to a quantum simulator. We develop a general framework for the scheme and derive the correlation spectrum of the resonator by solving the Heisenberg-Langevin equation. The correlation spectrum contains contributions of the correlation function of the simulator, and hence bears distinct features of the many-body phases. For illustration, we apply this scheme to a quantum simulator for the transverse field Ising model that couples to a superconducting resonator. The simulator can be implemented with an array of superconducting flux qubits. We calculate the correlation spectrum of the resonator when the simulator is under periodic and open boundary conditions, and also consider the spatial dependence of the microwave field in the resonator. Our results show that the resonance peaks in the correlation spectrum can be exactly mapped to the elementary excitations of the simulator. The effects of resonator damping and qubit decoherence at finite temperature are also discussed.
Introduction
Quantum simulation, where one quantum system that can be effectively manipulated is used to emulate another quantum system that is hard to study by traditional theoretical and experimental techniques, is a powerful platform for studying novel many-body phenomena [1, 2] . Over the past two decades, digital and analog quantum simulators for various many-body systems, such as the Bose-Hubbard model, quantum spin systems, and systems with novel topological properties, have been proposed where many-body Hamiltonians and dynamics are emulated using artificial two-level systems (qubits) and harmonic oscillators. Experimental realization of such simulators is a fast-growing area and is intensively studied with a number of physical systems, including trapped ions, cold atoms or polar molecules, and superconducting (SC) quantum device [3] .
Key features of a many-body system such as the symmetry of a quantum phase and the critical behavior of the system can be revealed by measuring certain quantities, such as the order parameter of the ground state, various correlation functions, and the dispersion of the elementary excitations [4] . Once we construct a quantum simulator, we want to be able to detect such quantities to gain deeper insights of the many-body system being emulated. For simulators built with specific systems, different detection techniques have been developed or proposed: for cold atoms in an optical lattice, Bragg scattering technique has been widely used to measure the momentum-space distribution and correlation; for trapped ions, both the internal and motional states can be probed with laser pulses [3] .
The SC system is a promising system for quantum simulation [5] . Coherence times of SC qubits have reached 100 µs and quality factors of two-and three-dimensional SC resonators have reached 10 6 [6, 7] . Strong (sub-gigahertz) coupling between SC qubit and resonator has been demonstrated experimentally [8] . Given its controllability, the SC system can be used to emulate fermionic and bosonic degrees of freedom for a broad spectrum of many-body problems. It was shown that quantum spin systems can be mimicked by arrays of SC qubits [9, 10, 11, 12, 13, 14, 15] . The superfluid to Mott insulator phase transition can be studied for polaritons in SC resonator arrays [16, 17] . Topological phases can be simulated with SC resonators connected via SC qubits [18, 19] . It was recently proposed that the Holstein-polaron model involving both fermionic and bosonic modes can be emulated using SC circuits [20] .
Circuit quantum electrodynamics (circuit QED) is a fruitful approach for detecting and manipulating the quantum states of SC qubits and for implementing quantum optical effects in SC devices [21, 22] . Initially proposed for an SC qubit coupling to an SC resonator, this approach has been extended to more complicated setups, such as multiple non-interacting qubits coupling to a common resonator (Dicke model and Tavis-Cummings model) [23, 24] and a transverse field Ising model (TFIM) coupling to a resonator [25, 26] , where unusual nonequilibrium many-body effects exist due to the qubit-resonator coupling. In this work, we exploit the aspect of the SC resonator as an advanced readout device [27, 28, 29, 30] and present a circuit QED scheme for probing the many-body properties of a quantum simulator that couples to an SC resonator. We first develop a general framework for the scheme and calculate the correlation spectrum of the resonator, which bears the fingerprint of the many-body phases of the simulator. We then apply this scheme to a TFIM coupling to a resonator to illustrate how this scheme works. The TFIM is a prototype for studying quantum critical behavior and can be implemented with SC flux qubits. Our calculations show that the resonance peaks in the correlation spectrum correspond exactly to the elementary excitations of the TFIM. Measurement of the correlation spectrum hence gives distinct signature of the continuous phase transition in the TFIM, and the SC resonator acts as a "circuit microscope" that filters the excitation spectrum of the TFIM. In the general scheme, the correlation spectrum can also be designed to reflect other properties of the simulator such as the order parameter of its ground state. Furthermore, SC resonators can couple to many other systems, such as ensembles of NV centers, trapped ions or electrons, and Rydberg atoms, so it can be used as a probe for quantum simulators in these systems as well. Our results can also be extended to optical cavities which have already been exploited as a probe for certain many-body effects in cold atoms [31] . This paper is organized as follows. In Sec. 2, we present the general framework for the circuit microscope, where the correlation spectrum of the SC resonator is derived by solving the Heisenberg-Langevin equation. In the subsequent sections, we apply this scheme to the specific system of a TFIM simulator coupling to a resonator. In Sec. 3, we show that the TFIM can be implemented with an array of SC flux qubits. The correlation spectrum of an SC resonator coupling to the TFIM at finite temperature is derived in Sec. 4 under various conditions. The effects of resonator damping and qubit decoherence are briefly discussed in this section. Conclusions are given in Sec. 5.
The circuit microscope
Consider an SC resonator coupling to a quantum simulator via a Hermitian operator Q. The resonator mode is described by the Hamiltonian H c = ω câ †â + H bath , wherê a is the annihilation operator, ω c is the frequency of the resonator mode, and H bath is the coupling between the resonator and its bath modes. The coupling between the resonator and the simulator is
with coupling strength λ. The dynamics of the resonator mode is described by the Heisenberg-Langevin equatioṅ
whereâ in (t) is the input noise operator at time t and κ is the resonator bandwidth (damping rate). For simplicity of discussion, we assume the noise correlation to be â in (t)â † in (t ′ ) = (n th + 1) δ(t − t ′ ) which describes a Markovian reservoir with thermal excitation number n th . Here we treat the SC resonator as a probe for the simulator that does not significantly perturb the state of simulator; only the lowest-order effects are considered. Hence the dynamics of the operatorQ is governed byQ(t) = e iH 0 t/ Q e −iH 0 t/ with H 0 being the many-body Hamiltonian of the simulator. Higher-order perturbation terms can be calculated using, e.g., Green's function technique, which does not affect our main results. The total Hamiltonian of our system is
We solve the Heisenberg-Langevin equation in the frequency domain. For operator o(t), its frequency-domain counterpartô(ω) is defined asô(ω) =´dte iωtô (t)/ √ 2π. Writing Eq. (2) in the frequency domain, we find
and its conjugatê
both of which contain the simulator operatorQ (ω) and the input noise. Here the input noise satisfies
For the displacement quadrature of the resonator modex =â +â † , the time correlation in the stationary state can be written as
The correlation spectrum of the resonator is
where ε is a small positive number to ensure the convergence of the spectrum. Using Eqs.(3-5), we derive C(ω) = C bath (ω) + C QQ (ω). The first term
is the contribution of the input noise and includes Lorentzian functions at ω = ±ω c with convolved bandwidth κ = κ + ε. Here the Lorentzian function is
which satisfies´∞ −∞ dωf L (ω, x) = 1. This term is due to the fluctuations of the bath modes of the resonator. For an SC resonator with 12 GHz frequency ( ω c ≫ k B T ), the average thermal photon number n th ≈ 0. The second term can be derived as
which is the contribution of the simulator and is directly associated with the correlation function Q (ω 1 )Q(ω 2 ) integrated over a δ-function-like term f L (ω − ω 1 , ε) with small ε. This term contains the fingerprint of the many-body phases of the simulator. In our scheme, this term is designed to be much stronger than the noise term C bath (ω) so that we have a high-resolution "circuit microscope". The above results give a general framework for our scheme. The correlation function Q (ω 1 )Q(ω 2 ) can be associated with various quantities, depending on the choice of the operatorQ, i.e., the form of the simulator-resonator coupling. In the following sections, we apply this approach to a specific system -a TFIM coupling to a resonator via a collective spin operator -to illustrate how this scheme works. 
TFIM simulator with flux qubits
The one-dimensional TFIM consists of an array of interacting quantum spin-1/2 particles in a transverse external field. In its simplest form, the TFIM is described by the following Hamiltonian:
where J is the magnitude of the Ising coupling between neighboring spins and h x is the energy generated by a transverse magnetic field in the x direction. This model (and many variations of this model) has been intensively studied as a prototype for continuous quantum phase transition. It can be exactly solved by applying the JordanWigner Transformation (JWT) which converts spin particles to fermions. The TFIM can be realized with an array of SC qubits. In Ref. [13] , it was shown that transmon qubits can be used to construct the TFIM. Here we show that flux qubits can also be used to form the TFIM, cf. Fig. 1(a) . The SC flux qubit, also known as the persistent-current qubit, is made of four Josephson junctions connected by SC wires [32] . As shown in Fig. 1(b) , two of the junctions have Josephson energy E J , while the other two junctions have Josephson energy αE J and form a dc SQUID. We denote the external magnetic flux in the left (right) main loop as Φ L (Φ R ), the external flux in the SQUID loop as Φ sq , and the gauge-invariant phase difference of the top (bottom) junction as ϕ t (ϕ b ). The total Josephson energy of a flux qubit is
where , where h x is the quantum tunneling between the persistent-current states and can be controlled by varying the flux f sq in the SQUID loop. Neighboring qubits couple via the mutual inductance between their main loops as indicated in Fig. 1(b) . Note that the inductive coupling between the SQUID loop of one qubit and the main loops of its neighboring qubits is negligible. The qubitqubit coupling gives the Hamiltonian
cir is the inductive energy in terms of the mutual inductance Mand the circulating current I cir . The Hamiltonian for the qubit array is H 0 = H tf + Hwhich has the form of the TFIM given by Eq. (9). This flux qubit array hence emulates the TFIM. As demonstrated in recent experiments, h x /2π can be adjusted over a broad range between sub-gigahertz to a few gigahertz [33] , and J/2π can easily reach gigahertz. By varying h x , this system can cross the critical point of the TFIM at h 
which gives the coupling operatorQ = N i=1σ x i with the coupling strength λ = −s 2 E J (δΦ sq /Φ 0 ). At α = 0.8, s 2 is a numerical coefficient with s 2 ∼ 0.2 for a typical flux qubit. With δΦ sq = 10 −3 Φ 0 and E J /2π = 200 GHz, λ/2π ∼ 40 MHz. The coupling strength is far below the energy scales of the TFIM with both h x and J in the gigahertz range. This is consistent with our assumption that the SC resonator has weak backaction on the quantum simulator, and only the lowest order effects need to be considered. Note that this coupling strength is much weaker than the thermal energy k B T with λ/k B T ≈ 0.1 at T = 20 mK. We will discuss the effect of finite temperature in the following section.
Correlation spectrum of a resonator coupling to TFIM

Periodic boundary condition
First, consider the TFIM under periodic boundary condition (see Appendix A for details). In terms of the eigenmodesγ k , the coupling operator can be written aŝ
with the constant q 0 = N − 2 k v 2 k . WithQ(t) = e iH 0 t/ Q e −iH 0 t/ , we derive its frequency-domain counterpart asQ (ω) =Q 0 (ω) +Q − (ω) +Q + (ω), wherê
are frequency components at ω = 0 and ω = ∓2ω k , and ω k is the frequency of the eigenmodeγ k . At finite temperature T , the simulator state is ρ s = e −βH 0 /Tr(e −βH 0 ) with β = 1/k B T . The average excitation number of modeγ k is n k = γ † kγ k = (e β ω k − 1) −1 . The average of four-operator terms γ † kγ † lγ pγq can be easily derived using the fermionic commutation relations for the eigenmodes. The correlation function Q (ω 1 )Q(ω 2 ) can then be derived with these average values.
With Eqs. (6, 8), we find that C QQ (ω) = C 00 (ω) + C nz (ω). The first term is
which is a Lorentzian function centered at ω = 0 with small width ε and constant
This term is due to the contribution ofQ 0 (ω). The second term is
with the function
which is composed of resonance peaks centered at ∓2ω k with small width ε and is due to the contribution ofQ ∓ (ω). These peaks correspond to the virtual exchange of energy between the resonator mode and the simulator excitations and can be mapped to the elementary excitations. The negative-frequency peaks are proportional to n 2 k and decrease with the bath temperature. At zero temperature with n k = 0, the negative-frequency peaks disappear. Meanwhile, the peak heights are normalized by the coefficient u
k of the eigenmodes. We choose the following parameters for the SC resonator and the TFIM simulator: ω c /2π = 12 GHz, κ/2π = 100 kHz, ε/2π = 600 kHz, J/2π = 1 GHz, and λ/2π = 40 MHz. The transverse filed h x /2π varies between 400 MHz and 3 GHz, i.e., h x /2J varies between 0.2 and 1.5, crossing the quantum critical point at h c x /2J = 1. Note that besides C QQ , the correlation spectrum also contains contribution of the bath modes C bath (ω) which is given by Eq. (6). For n th ≈ 0 and κ, ε ≪ J, h x , λ, C bath (ω) gives a sharp resonance peak centered at ω c with a width κ = κ + ε. The parameters are chosen so that this sharp peak is well separated from the peaks due to the simulator.
With the above parameters, we plot the correlation spectrum of the SC resonator at selected ratios of h x /2J and temperatures in Fig. 2(a,b) . The spectrum includes both positive-and negative-frequency peaks. For an array of size N = 20, there are a total of nine peaks at positive (negative) frequency. Some of the negative-frequency peaks are illegible due to their small magnitude. The peaks correspond to ±2ω k for k = ±2πn/N with n = 1 − 9. For k = 0 and k = π, with u k v k = 0, the corresponding C nz (ω k ) is zero, and the spectrum C(ω k ) only contains contribution of C 00 and C bath . The negative-frequency peaks decrease quickly as temperature decreases and eventually disappear at T = 0. Our numerical result is well explained by the exact solution given by Eqs. (14, 16) . In Fig. 2(a) , the smooth-changing spectral background is due to the noise term C bath which is a few order of magnitude smaller than C QQ at the relevant frequency range. At h x ≪ 2J, the frequencies of all eigenmodes are centered around 2J and the peaks are located densely around ∓4J. As h x increases, the eigenmode frequencies expand to larger range. In Fig. 3 , we plot log 10 C(ω) for h x ∈ [0.2, 1.5) at selected temperatures. It can be seen that the position of the resonance peaks can be exactly mapped to the excitation spectrum of the TFIM with the excitation gap approaching zero at the critical point h c x /2J = 1.
Site-dependent coupling
In the above, the TFIM is located within a small segment of the SC resonator where the resonator field (and hence the coupling strength) can be assumed uniform. For a TFIM spanning over the entire length of the resonator, the coupling is site-dependent. Let neighboring qubits be equally spaced over the length L of the resonator. For the The frequency-domain operatorQ(ω) includes components at ω = ∓(ω k − ωk) and ω = ∓(ω k + ωk), all of which contribute to the correlation spectrum C(ω). Detailed results for C(ω) can be found in Appendix B. In Fig. 4(a,  b) , C(ω) is plotted. It contains more resonance peaks than that in Fig. 2 . Some peaks are at the frequency ω = ∓(ω k + ωk), which correspond to the virtual absorption or emission of a pair of excitations at ±k and ∓k. Among these resonance peaks, the negative-frequency ones are proportional to n k nk, which disappear at zero temperature. In Fig. 4(a) , one can also find densely-packed resonance peaks near ω = 0 at frequency ω = ∓(ω k − ωk), which correspond to the virtual emission (absorption) of one excitation at ±k and the simultaneous absorption (emission) of another excitation at ±k. The lattice-dependent coupling hence enables the exchange between neighboring momentumspace modes. These peaks are proportional to n k or nk. At zero temperature, these peaks disappear when the occupation numbers decrease to zero as shown in Fig. 4(b) .
Open boundary condition
In experiments, it is often easier to realize a simulator with small lattice size and open boundary condition. Here we calculate the correlation spectrum of a TFIM simulator under open boundary condition and give the numerical results for a small array of N = 4. The model Hamiltonian is given by Eq. (9) with the qubits at sites 1 and N only coupling to one neighboring qubit. The eigenmodes of this model can be solved with the approach in Ref. [34] . The correlation spectrum is derived in Appendix C and plotted in Fig. 5 . Due to the lack of translational symmetry, more spectrum lines appear which correspond to ±(ω m ± ω n ) for eigenmodesη m andη n . For example, for N = 4 and h x /2J = 0.2, the eigenvalues are {ω 1−4 } = {0.003, 1.754, 2.059, 2.308}J. At zero temperature, we see four spectral lines at positive frequency, corresponding to {ω 1 + ω 2 , ω 2 + ω 3 , ω 3 + ω 4 , ω 4 + ω 1 }, respectively. The magnitude of the resonance peaks is determined by the matrix element of the eigenmodes and the thermal excitation numbers n m and n n . The negative-frequency components disappear at zero temperature. Our results show that by measuring the correlation spectrum of the resonator, spectral information of the simulator can be extracted.
Resonator damping and qubit decoherence
Both the SC resonator and qubits in the simulator are subject to the disturbance of environmental fluctuations. For the resonator, we adopt a finite resonator bandwidth (damping rate) and an input noise to model the bath modes. The input noise contributes a term C bath (ω), which is a Lorentzian function centered at the resonator frequency ω c , to the total correlation spectrum. By choosing the resonator frequency to be well separated from the peak positions in C QQ (ω), the input noise term is a few orders of magnitude smaller than the contribution of the simulator and can be neglected. The decoherence of the qubits is not considered explicitly. Instead, we assume that the simulator is in contact with a thermal bath at temperature T and is subject to thermal fluctuations of bath modes. This approach represents the qubit decoherence phenomenologically and is sufficient for the discussions in this work.
Conclusions
In summary, we present a general scheme for probing the many-body properties of a quantum simulator by coupling it to an SC resonator. By solving the HeisenbergLangevin equation, we calculate the correlation spectrum of the resonator which contains a contribution of the correlation function of the coupling operator. By designing a proper coupling operator, the correlation spectrum bears information of the ground state properties or the elementary excitations of the simulator. We apply this scheme to a specific system -a TFIM simulator constructed with SC flux qubits coupling to an SC resonator -to illustrate this scheme. In this system, the correlation spectrum contains resonance peaks that reflect the spectrum of the elementary excitations. We derive the correlation spectrum for the TFIM under periodic and open boundary conditions, and also consider the effect of site-dependent coupling due to the resonator field. The general scheme proposed here can be applied to other simulators and other physical systems. By choosing the form of the simulator-resonator coupling, various correlation functions of the simulators can be measured via the correlation spectrum of the resonator.
